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We study tunneling phenomena at the edge of the anti-Pfaffian quantum Hall state at the filling factor
ν = 5/2. The edge current in a single point-contact is considered. We focus on nonlinear behavior of
two-terminal conductance with the increase in negative split-gate voltage. Expecting the appearance of
the intermediate conductance plateau we calculate the value of its conductance by using the renormal-
ization group (RG) analysis. Further, we show that non-perturbative quasi-particle tunneling is effectively
described as perturbative electron tunneling by the instanton method. The two-terminals conductance is
written as a function of the gate voltage. The obtained results enable us to distinguish the anti-Pfaffian state
from the Pfaffian state experimentally.
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The nature of the fractional quantum Hall (FQH) effect at
the filling factor ν = 5/2 has attracted much attention be-
cause Laughlin and Jain’s hierarchy theory does not explain
the FQH state at this filling.1–5) Although several candidates
for the ground state at ν = 5/2 have been proposed, many
numerical studies have shown that the most successful one is
the Moore-Read Pfaffian state.6–9) The realization of the Pfaf-
fian state is important since quasi-particle excitations from
this state obey non-abelian braiding statistics, which could
put quantum computing into practice.10) Although it is consid-
ered to be the ground state at the half filling in the absence of
Landau level mixing, the Pfaffian state does not have particle-
hole symmetry. Recently, the particle-hole conjugate state of
the Pfaffian state, which is called the anti-Pfaffian state, has
been suggested. This state is also a strong candidate for the
ground state.11,12) Although these two states are degenerate
in the thermodynamic limit, many factors such as the Lan-
dau level mixing can break the particle-hole symmetry and
lift the degeneracy. Since one of these states would be the
ground state, experimental probes that can distinguish these
two states are matter of concern.
Tunneling experiments in point-contact systems have been
used to determine the properties of FQH states.13,14) In this
paper, we consider a single point-contact geometry as is
shown in Fig. 1. To investigate tunneling transport, we focus
on the nonlinearity of the two-terminal conductance, which is
determined by the tunneling property at the point-contact. The
two-terminal conductance is defined by
eISD
V3−V2 , where ISD is
the source-drain current and V2 and V3 are the voltages in the
resorvoirs 2 and 3 respectively. In the Landauer-Bu¨ttiker for-
mula,15,16) the two-terminal conductance is written as a func-
tion of temperature:
G = c
e2
h
+ λT−α, (1)
where c is determined by the property of the edge current and
λ is a function of tunneling amplitude. The parameter α is
decided by the tunneling property of the electron or quasi-
particle.
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Fig. 1. (Color online)Single point-contact geometry for the FQH system.
1, 2, 3, and 4 are the numbers of voltage probes. S and D are the source
and drain terminals. G is the split gate. The two-terminal conductance is
defined by
eISD
V3−V2 , where ISD is the source-drain current. The shaded region
represents the FQH liquid.
In the following sections, we first introduce the anti-
Pfaffian tunneling model. Next, we argue that intermediate
conductance plateau is observed by applying a gate voltage,
and we calculate the conductance by renormalization group
(RG) analysis. Furthermore, by the instanton method we show
that non-perturbative quasi-particle tunneling (QPT) is de-
scribed as perturbative electron tunneling effectively. In sum-
mary, the schematic portrait of the conductance of the anti-
Pfaffian state is shown as a function of gate voltage.
We consider the model that describes a single point-contact
geometry where the Hall-bar between the left and right ter-
minals has upper and lower edges with a scattering point
at x = 0.17) We note that we drop the edges of the lowest
Landau level of both spins because they have no role in the
following discussion. The anti-Pfaffian state is the particle-
hole conjugate of the Pfaffian state, thus to describe the anti-
Pfaffian edge theory, we start from writing the effective edge
1
Lagrangian for the Pfaffian state.18,19) It is written as
LP f (ψ, φ) =
2
4π
∂xφ(i∂t + vc∂x)φ + iψ(∂t + vn∂x)ψ, (2)
where the field φ describes chiral bosonic charge modes and
ψ describes the chiral neutral Majorana mode.19) Here, the
charge velocity vc and the neutral velocity vn have the same
sign, since these modes propagate in the same direction. The
edge theory of the anti-Pfaffian state is given by consider-
ing the particle-hole conjugate of the Pfaffian state. The anti-
Pfaffian wavefunction is defined byΨan−P f = ˆQP fΨν=1, where
Ψν=1 is the ν = 1 QHwavefunction and ˆQP f is the creation op-
erator of the Pfaffian state of holes in the filled Landau level.
This equation indicates that under a particle-hole transforma-
tion, the boundary between the anti-Pfaffian state and the vac-
uum (ν = 0) is mapped onto the boundary between the Pfaf-
fian state and the vacuum of a hole (ν = 1). Therefore, the
edge at the boundary of the anti-Pfaffian state is described by
the Pfaffian edge mode and another chiral boson mode that
corresponds to the ν = 1 edge. In this case, there are two
channels in one boundary; we therefore should consider the
Coulomb repulsion between the two channels. The effective
Lagrangian is then written as
L = LP f (ψ1, φ2) +
1
4π
∂xφ1(−i∂t + v1∂x)φ1 +
2
4π
v12ρ1ρ2. (3)
LP f is given by eq. (2), and ψ1 and φ2 are the Majorana and
boson modes of the Pfaffian edge of a hole respectively. The
second term describes the ν = 1 edge, where v1 is the charge
velocity and φ1 is the chiral boson mode of this channel.
This mode propagates in the inverse direction of the Pfaf-
fian mode. The last term v12ρ1ρ2 represents the short-ranged
Coulomb repulsion between the two edges, where ρ1 = ∂xφ1
and ρ2 = ∂xφ2 are charge densities. We assume a sufficiently
clean sample so that the impurity effect is negligible.20) To
rewrite the Lagrangian into a more simple form, we intro-
duce charge and neutral decompositions, φρ = φ1 − φ2 and
φσ = φ1 − 2φ2. The effective Lagrangian of the anti-Pfaffian
edge is written as
L =
2
4π
∂xφρ(−i∂t + vρ∂x)φρ + iψ1(∂t + vn∂x)ψ1
+
1
4π
∂xφσ(i∂t + vσ∂x)φσ −
2
4π
vρσ∂xφρ∂xφσ, (4)
where vρ =
v1+vc+4v12
2
, vσ = v1 + vc + 2v12, and vρσ = v1 +
vc − 3v122 . For small vρσ values, the last term is perturbatively
irrelevant12) and then the Lagrangian is rewritten as
L ≈ 2
4π
∂xφρ(−i∂t + vρ∂x)φρ + i

a=1,2,3
ψa(∂t + v

a∂x)ψa, (5)
where we have used fermionizing, exp (iφσ) = ψ2+ iψ3. Here,
va are vn for a = 1 and vσ for a = 2, 3. This form is almost the
same as the Lagrangian of the Pfaffian edge, thus we can treat
the anti-Pfaffian edge similarly to the Pfaffian edge. We next
consider tunneling effect of the electron and quasi-particle.
The tunneling Hamiltonian is written by using electron and
quasi-particle operators. The electron operator of the anti-
Pfaffian edge is determined by the edge Lagrangian.11,12, 18)
It is written as
ψel =

a=1,2,3
ψae
2iφρ . (6)
The quasi-particle operator, which is given by the conformal
field theory (CFT) is written as11,12)
ψqp = ψ 1
2
e
iφρ
2 , (7)
where ψ 1
2
is the spin-1/2 field of SU(2)2, and this operator is
composed of terms of Ising order and the disorder fields σa
and µa in the CFT of the central charge c = 1/2. We note
that the sum of a is omitted in the following equations. The
tunneling Hamiltonians are written as
HET =
ΓET
2
(ψRel
†ψLel + ψ
L
el
†ψRel)
= ΓET

a
ψaψ¯a cos (2(φρ − ¯φρ)), (8)
HQPT =
ΓQPT
2
(ψRqp
†ψLqp + ψ
L
qp
†ψRqp)
= ΓQPTψ 1
2
cos(
φρ − φ¯ρ
2
), (9)
where the indexes L and R indicate the left and right moving
mode respectively. The parameters ΓET and ΓQPT are the tun-
neling amplitude, and ψ 1
2
= ψR1
2
ψL1
2
. These Hamiltonians are
composed of CFT operators and have the conformal invari-
ance. Thus, we can easily derive the renormalization group
(RG) equation by counting the conformal dimension.21) The
RG equation of quasi-particle tunneling (QPT) is written as
dΓQPT
dl
= [1 − g]ΓQPT , (10)
where g is the sum of conformal dimensions g = 1
8
+ 3
8
.
el =
Λ0
Λ´
, where Λ0 and Λ´ are bare and renormalized cut-off
respectively. In our RG analysis, kBT plays a role of cut-
off. The β-function is positive, thus we have to study QPT
non-perturbatively. In the same way we can calculate the β-
function for ΓET , which is negative. Thus, we can treat elec-
tron tunneling perturbatively. In the next section, we argue the
edge configurations for several situations.
We first consider the small and large limits of the gate volt-
age in a point-contact.13) In the small gate voltage limit, con-
figurations of edge channels are shown in Fig. 2(a). Quasi-
particle tunneling occurs between upper and lower edges, so
this limit is called the weak backscattering limit. In the large
gate voltage limit shown in Fig. 2(b), the edge channels are
pinched-off and separated by the vacuum. This limit is called
the weak tunneling limit since electron tunneling occurs be-
tween the left and right FQH liquids. In cases that the edge
of FQH is composed of two types of edges, such as ν = 2/3
and 2/5 edges, it is known that an intermediate plateau, which
is different from νe2/h, appears between the small and large
voltage limits.22–24) One of edges is in the backscattering limit
and the other is in the weak tunneling limit in the intermediate
state. Thus only one edge channel contributes to the conduc-
tance. In the ν = 2/5 FQH state, for example, e2/3h conduc-
tance plateau is observed with the increase in gate voltage.
Here, we study the problem whether an intermediate plateau
appears or not in the anti-Pfaffian edge transport regime bas-
ing on the RG analysis. To determine which edge contributes
to the intermediate conductance, we consider the anti-Pfaffian
edge eq. (3) and investigate the edge tunneling of the Pfaffian
and ν = 1 QH states. The electron operator of the Pfaffian
(a)
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Fig. 2. (Color online) (a)the weak backscattering limit is represented.
Quasi-particle tunneling occurs. Here, two edge channels contribute to the
constant part of the two-terminal conductance. (b)the weak tunneling limit
is represented. Electron tunneling occurs. The edge channels are separated
by the vacuum, and thus they do not contribute to the constant part of the
conductance. The shaded regions represent the FQH liquid.
edge is ψel−p f = ψ exp (−2iφ) and its quasi-particle operator
is ψqp−p f = σ exp (−iφ/2), thus the Pfaffian edge tunneling
Hamiltonians for electron and quasi-particle are written as
HET−p f =
ΓET−p f
2
(ψRel−p f
†ψLel−p f + ψ
L
el−p f
†ψRel−p f )
= ΓET−p fψψ¯ cos (2(φ − φ¯)), (11)
HQPT−p f =
ΓQPT−p f
2
(ψRqp−p f
†ψLqp−p f + ψ
L
qp−p f
†ψRqp−p f )
= ΓQPT−p fσ cos(
φ − φ¯
2
). (12)
By counting the conformal dimension, we obtain the renor-
malization group equation for the tunneling parameters
ΓET−p f and ΓQPT−p f ,
dΓET−p f
dl
= [1 − (1 + 3)]ΓET−p f , (13)
dΓQPT−p f
dl
= [1 − (1
8
+
1
8
)]ΓQPT−p f . (14)
For ν = 1 electron operator ψel−ν=1 = exp (iφ), we get RG-eq.
for tunneling parameter Γν=1 in the same way. It is written as
dΓET−ν=1
dl
= [1 − 2(1
2
)]ΓET−ν=1. (15)
As the energy scale goes to small, ΓET−p f decreases and
ΓQPT−p f grows. ΓET−ν=1 is invariant to the change in energy
scale. By considering the RG flow, we can find the stable
fixed point that corresponds to intermediate state. The con-
figuration of two edges in this state is shown in Fig. 3. The
Pfaffian edge behaves as the pinched-off channel and the
ν = 1 edge behaves as the connecting channel. Therefore,
only the ν = 1 edge contributes to the intermediate conduc-
tance, whose value is e2/h. Next, we investigate the QPT in a
non-perturbative regime.
Intermediate state


ν=1 edge
Pfaffian edge
Fig. 3. (Color online) The intermediate edge state is represented. The Pfaf-
fian edge is in the weak backscattering limit and the ν = 1 edge is in the
weak tunneling limit. Only the ν = 1 edge channel contributes to the con-
stant part of the two-terminal conductance.
Since the QPT term in eq. (9) is relevant, we should treat
the quasi-particle tunneling non-perturbatively. To study this
problem, we introduce an effective theory for the nonlinear
degree of freedom (φρ− φ¯ρ) ≡ θ. The partition function of this
system is written as
Z =

DφρDψa
exp(−S B − S F −

dτHQPT )
=

DψaDθe
−S F

Dφρδ(θ − (φρ − φ¯ρ))
exp(−S B −

dτΓQPTψ 1
2
cos(
φρ − φ¯ρ
2
))
=

DψaDθe
−S F

Dφρ

Dλe(−i

dτλ(θ−(φρ−φ¯ρ)))
exp(−S B −

dτΓQPTψ 1
2
cos(
φρ − φ¯ρ
2
)),
where S F and S B are the actions for the free triplet Majorana
fermion ψa and free boson φρ, respectively. Integrating out φρ
and λ,25) we obtain
Z =

Dψae
−S F

Dθ
exp(−

ω
|ω|
4πν
θ(ω)θ(−ω) −

dτΓQPTψ 1
2
cos(
θ
2
)).
(17)
This form is called the Caldeira-Legget model.25–27) The first
term is the friction term, and the second term can be regarded
as a periodic potential for the θ field. The second term is in-
terpreted as ”magnetic field” in terms of the Ising model. In
the non-perturbative regime, owing to the ”magnetic field”,
which is proportional to cos θ
2
, the saddle point solution of
the spin field ψ 1
2
is no longer zero. θ has the value 4πn for
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Fig. 4. (Color online) Schematic plot of the two-terminals conductance as
a function of a negative gate voltage V. Solid curved lines denote the con-
ductance of the anti-Pfaffian state and broken curved lines denote that of
the Pfaffian state.
ψ 1
2
< 0, while θ is 2π(2n + 1) for ψ 1
2
> 0, where n is an inte-
ger. The quasi-particle excitations in non-perturbative regime
are described by instanton solutions similarly to the Laughlin
state.26,27) In this situation, however, the form of the solution
is different from the Laughlin state since the periodic poten-
tial is composed of two degrees of freedom. Ordinary instan-
ton solutions are defined as a step from a potential minimum
to another one. However in eq. (17), the reversal of the sign
of the potential occurs in the tunneling process because of
the operator ψ 1
2
, hence the minima and maxima of the poten-
tial are exchanged. The instanton solution of such a process
is called the half-instanton.28) The tunneling dynamics of the
Ising-class should be described by half-instanton solutions.
By the instanton method, we construct an effective action for
the non-perturbative regime. We introduce a function defined
as
dθins
dτ
≡ h(τ), (18)
where θins is the solution for a single half-instanton. Thus the
differential of the n instanton solution and its Fourier trans-
form are written as
dθn
dτ
=
n
i=1
eih(τ − τi), (19)
−iωθn(ω) =
n
i=1
eih˜(ω)e
iωτi , (20)
where ei is the charge of the instantons, and h˜(ω) is the Fourier
coefficient of h(τ). In particular,
h˜(ω = 0) =
1√
β

dτh(τ) =
2π√
β
(21)
will be important. To derive the effective action, we consider a
grand-canonical ensemble of the half-instantons. We neglect
the ω-dependence of h(ω) in the first term as

ω
|ω|
4πν
θ(ω)θ(−ω)
≈
n
i, j
(
π
νβ

ω
1
|ω|e
−iω(τi−τ j)). (22)
The ground-canonical partition function is given as
Z =

Dψae
−S F
∞
n=0

ei β
0
dτn
 τn−1
0
· · · · · ·
 τ1
0
dτ0
n
i=0
z(τi)
exp[−
n
i, j
(
π
νβ

ω
1
|ω|e
−iω(τi−τ j))eie j], (23)
where z(τ) = ω0e
−S ins is the fugacity of the instanton and
ω0 is the characteristic energy of the tunneling process. The
value must be directly proportional to the energy operator
a = ψa ψ¯a, i.e. ω0 = z0a(τ), where z0 is a constant. Intro-
ducing the Stratonovich-Hubberd field Θ, we obtain
Z =

Dψae
−S F
∞
n=0

ei
1
n!
 β
0
dτn
 β
0
· · · · · ·
 β
0

i=0
(τi)

DΘ exp(−

ω
|ω|ν
4π
Θ(−ω)Θ(ω) + i
ν

i
eiΘ(τi))
=

Dψae
−S F

DΘ exp(−

ω
|ω|ν
4π
Θ(−ω)Θ(ω)
−2z0

dτψaψ¯a cos(Θ(τ)/ν)). (24)
Note that the second term is the electron tunneling term. As
the cases of the Laughlin and Pfaffian states, we can treat the
quasi-particle tunneling as the weak electron tunneling effec-
tively in the strong coupling regime. In other words, the quasi-
particle and electron tunneling processes are dual with each
other. Therefore, we can easily calculate the temperature de-
pendence of two-terminals conductance,11–13,29) which is
G ∝ T 4. (25)
In this paper, we have studied the anti-Pfaffian edge tunnel-
ing in the single point-contact system. We have expected the
intermediate edge state and calculated the conductance. We
have also shown the duality between the weak coupling elec-
tron and strong coupling quasi-particle tunneling processes
by the instanton method. The schematic portrait of the two-
terminal conductance is shown in Fig. 4 as a function of gate
voltage. The solid curves show the conductance of the anti-
Pfaffian state and the broken curves show the conductance of
the Pfaffian state. This figure clearly shows the difference in
gate voltage dependence between the two states. From this re-
sult, one can distinguish the anti-Pfaffian statefrom the Pfaf-
fian state experimentally in a single point-contact system.
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